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We introduce an extension of the character expansion method to the case of supergroups. This 
method allows us to calculate a superversion of the Leutwyler-Smilga integral which, to the best of 
our knowledge, has not been calculated before. We also use the method to generalize a previously 
calculated superversion of the Berezin-Karpelevich integral. Our character expansion method should 
also allow for the calculation of other supergroup integrals. 

I. INTRODUCTION 

When solving models in field theory and statistical mechanics, one often faces the challenge to integrate over 
continuous groups or cosets. Examples can be found in a wide range of applications, comprising fields as different 
as condensed matter physics [IJ and quantum gravity pi. There are also prominent applications in random matrix 
theory [3j i4j, including statistical models in quantum chromodynamics [5j. From a mathematics viewpoint, group 
integration belongs to the field of harmonic analysis |5][7]. Half a century ago, Hua [Sj obtained invariant measures 
for a large class of spaces. Shortly thereafter, Harish-Chandra ,9^ derived his celebrated integration formula for Lie 
groups. The radial coordinates on which these integrals depend parametrize the space of the Cartan subalgebras. 
In the unitary case, Harish-Chandra's result coincides with the Itzykson-Zuber integral [ID]. Unfortunately, Harish- 
Chandra's formula cannot be applied to the majority of integrals over orthogonal and unitary-symplectic groups that 
arise in physics, because these latter integrals depend on radial coordinates defining a space which is outside the group 
or its algebra, respectively. Hence they can be interpreted as certain matrix generalizations of Bessel functions, see a 
discussion in Ref . [llj . Group integrals related to but different from those mentioned so far are of high relevance for 
applications in quantum chromodynamics. Particularly important are integrals of the Berezin-Karpelevich |12lll3lfT^ 
and Leutwyler-Smilga [151 type. Although in these cases the integration is over unitary groups, Harish-Chandra's 
formula cannot be used either, because the integrands are of a different form. 

All these considerations carry over to integrals over supergroups. Supermathematics |16j — in the present context 
often referred to as supersymmetry — was introduced to the theory of disordered systems by Efetov [TTl and subse- 
quently to random matrix theory by Verbaarschot, Weidenmiiller, and Zirnbauer |18}ll9j. Supersymmetry is nowadays 
an indispensable tool for many applications, once more including those in quantum chromodynamics [1111111]. 

At present, there are three different methods for exact calculations of the integrals discussed above: (1) The diffusion 
equation method was developed by Itzykson and Zuber [10] and in Refs. [TS] [14] for ordinary space. The Itzykson- 
Zuber integral was generalized to supermathematics [20] by a proper extension of the diffusion equation method which 
was then further extended to work out the supersymmetric Berezin-Karpelevich integral [T31 dTj. In Ref. ^2], the 
diffusion equation method was generalized beyond the unitary case to prove the supersymmetric Harish-Chandra 
formula that had been conjectured in Refs. [23l|24|. This also provided a new proof for the ordinary Harish-Chandra 
formula. (2) Balantekin introduced the character expansion method for integrals over unitary groups in ordinary 
space [551 • The method was further extended in Ref. . Even some integrals over ordinary orthogonal and 
unitary-symplectic groups could be calculated using a generalization of the character expansion method |28j . (3) 
Shatashvili 29J used an explicit parametrization of the unitary group in terms of Gelfand-Tzetlin coordinates [30j to 
calculate correlation functions in the Itzykson-Zuber model. This method was extended to supersymmetry in Ref. |31j 
and considerably generalized to obtain recursive solutions for a wide class of radial functions which include group 
integrals as special cases [TTl 132 • 

The main focus of the present contribution is an extension of the character expansion method to supergroups. 
This extension then allows us to calculate a supersymmetric version of the Leutwyler-Smilga integral. The ordi- 
nary version of this integral yields the finite-volume partition function of quantum chromodynamics in the so-called 
epsilon-regime |15l I33j . and its superversion has applications in related ("partially quenched") theories that contain 
both fermionic and bosonic degrees of freedom. We also generalize the result previously obtained in Ref. [13j for a 
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supersymmetric Berezin-Karpelevich integral. 

This article is organized as follows. In Sec. the integrals in question are defined and the results of our calculation 
are given. A general outline of our character expansion method is presented in Sec. |III| We then apply the method to 
the calculation of the supersymmetric Leutwyler-Smilga and Berezin-Karpelevich integrals in Sec. |IV[ We summarize 
our results and give an outlook to further applications of the supersymmetric character expansion method in Sec. [V] 
Three appendices are provided to collect various algebraic theorems, to discuss a conjectured power series identity 
and its connection to Richardson-Littlewood coefficients, and to present explicit examples for the supersymmetric 
Leutwyler-Smilga integral. 



II. STATEMENT OF THE INTEGRALS 



To define the notation to be used in the subsequent sections, we start by stating the integrals that will be calculated 



using the character expansion methods introduced in Sec. Ill 



The supersymmetric Leutwyler-Smilga integral is defined as 

Ils = J dfi{U)exp{pStr{AU + BU-^)) , (1) 

where U € U(m|n), dfj.{U) is the invariant measure, /? G (D, and A, B are arbitrary (m + n) x (m-f n) supermatrices. 
We show that this integral is given by 



where Af , . . . , X^+n eigenvalues of the supermatrix AB and I^, is the modified Bessel function of the first kind. 

l<i<j<m(^i ~ ^j' 



Furthermore, A(Af , . . . , A^) = ni<i<7<m('^i ~ '^?) ^^'^ Vandcrmondc determinant and 



n ^! ■ (3) 



Equation ([2]) correctly reproduces the result obtained in Rcf. [27 for ordinary groups U(m). 

The second integral calculated in this work, the supersymmetric Berezin-Karpelevich integral, is defined as 

Ibk = j dn{U) J dfi{V)exp{(3Str{UAVB + U-^CV~^D)) , (4) 

where U,V E U(m|n), f3 G <C, and A, B, C, D are arbitrary (m -t- n) x (m + n) supermatrices. We show that 

r a{r,.+n)-im-nf det (/o(2/3A,M,-)),,,^i,...,^ dct (/o(2/3A^+,A^„+,))^^^-^^ „ 

J.BK-C^C^P B{^X^-m,n)B{ii'^-m,n) ' ^' 

where \\, . . . , A^_|_„ are the eigenvalues of the supermatrix BC and /i^ , . . . , are the eigenvalues of the supermatrix 

AD. The Berezinian B{X^;m,n) is given by 

n/\2 \ ^(Ai7 ■ • • , A^)A(A^_^]^, . . . , A^_i_„) 

B{X;m,n)^ ra -prn .,2 T2 ^ ■ W 

This extends the result obtained in Ref. [T^ using the diffusion equation method. 

Note that in the above results we have to assume that the supermatrices AB (in case of Xls) or BC and AD (in case 
of Xbk) are diagonalizablc in the sense explained in App.|A] However, our results can be extended to non-diagonalizable 
supermatrices using a limiting procedure which is discussed in App.jA] Furthermore, the case of coinciding eigenvalues 
also requires a limiting procedure, which is discussed in App. [B] 

We prove our results in Sees. |rVX| and [IV B[ First, however, we discuss how the character expansion method can 
be extended to supersymmetric integrals in general. 
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III. CHARACTER EXPANSION FOR SUPERGROUPS 



The concept of the character expansion method for integrals over supergroups remains the same as for integrals 
over ordinary groups. We expand the integrand in terms of supergroup characters, use orthogonality relations of 
supermatrix representation elements in order to perform the integral, and identify the remaining power series. 

We will consider integrals over a supermatrix U G U(m|n). The integrands in question contain terms of the form 

exp(/3 StT{AU)) = £ ^ Str(^;7)" , (7) 

where /3 G C and A e Gl(m|n). 

In order to expand the integrand in terms of supercharacters of AU we make use of Balantekin's observation^ |34] 
that 

StT{AUr= at^tiAU), (8) 

t,\t\=n 

where the sum is over all Young diagrams t with n boxes that correspond to covariant representations^ and is the 
corresponding supercharacter. The expansion coefficient at of a Young diagram t with TV rows is given by |34j 

(9) 

1=1 

where 

k, = N + U-i, (10) 

and ti is the number of boxes in the i-th row of the Young diagram. The character of a supergroup element in 
representation t is defined as 

6(c/) ^ str(r*(c/)) = ^(-i)<^)r*,(c/) (u) 

i 

with the supermatrix representation F*, e(i) = 1 if the index i is fermionic and e{i) = otherwise. We are thus able 
to express the right-hand side of Eq. ([s]) in terms of the supermatrix representation elements ^ai,{U). 

Note that our integrands always contain supertraces involving U as well as U^^ in the exponentials. With the help 
of the orthogonality relations of supermatrix representation elements [16J, 

df,{U)Tl,{U)Tla{U-^) - arSrsSadSbci-'^y^"'' , (12) 

where is the norm of the supergroup representation r, we are thus able to perform the integral over U. A careful 
treatment of signs is necessary due to the anticommutation of some supermatrix elements. For two supermatrices A 
and B this can be expressed by the formula 

AabB^d = Bcd^afc(-l)[^("^+^('^"^^^)+'^''^l . (13) 

We implicitly use the fact that the irreducible representations in the sum of Eq. ([s]) are constructed from their 
respective fundamental representation in the same way for U(m|n) and Gl(m|ri) [35j. 



After the integration over U has been performed using Eq. (12), a power series corresponding to Eq. (p| remains 



Because of the appearance of the factor in Eq- ( 12 1, only non-degenerate covariant supergroup representations (i.e., 
those with =/= 0) contribute to this power series. In order to identify the power series with a known function we need 
explicit formulas for the supercharacter and the norm at of a given representation t. In 1981, Balantekin and Bars 



^ In Ref. 1341 Balantekin only considered U(m|n), but his arguments also apply to GI(m|n). 

^ I.e., representations that are constructed only from covariant bases by symmetrization of bases according to Young diagram t. 
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obtained an integral formula for characters of supergroups f351 In the given form, however, it is not suited for 
an application to character expansion methods. In 1997, Alfaro, Medina, and Urrutia |37j obtained another formula 
for the supercharacters of a non-degenerate covariant supergroup representation, which is more useful in the present 
context. The restriction to non-degenerate representations does not pose any problem for the character expansion 
method because, as we have just seen, only these representations contribute to the result. 

Alfaro, Medina, and Urrutia observed that any Young diagram t describing a non-degenerate covariant representa- 
tion consists of an m X n block in the top left corner and two sub-diagrams p and such that p and q are legitimate 
Young diagrams of Gl(m) and Gl(n), respectively, cf. Fig. [T] The sub-diagram p to the right of the m x n block is 
thus restricted to m rows, while the sub-diagram q that appears transposed below the m x n block is restricted to n 
rows. 



m 



























{p} 



FIG. 1: Young diagram corresponding to a non-degenerate covariant representation of Gl(m|n) 



The supercharacter of an (m -I- n)-dimensional supermatrix A with eigenvalues oi , . . . , Qm+n corresponding to t is 
given by [37] 

£,t{A) = (-l)l«lE(a;TO,n)xp(ai, . . . , a„)x,(a„i+i, . . . ,a„i+„) , (14) 
where \q\ is the number of boxes in the sub-diagram q, 

m n 

S(a;TO,7i) = ]^(ai - am+j) , (15) 

and Xp ^iid Xg &re the characters of the ordinary groups Gl(m) and Gl(n) corresponding to the Young diagrams p 
and q. Weyl's character formula pJBj states 



det 



Xp{ai,...,am) = — XI ~ — ' (1^) 

A(ai, . . .,amj 

where 

ki = m + Pi — i (17) 

for 1 < i < m and Pi is the number of boxes in the i-th row of the Young diagram p. 

The norm at of the representation shown in Fig. [l] depends on the sub-diagrams in the following manner |37j . 

\p\\\q\\ at dpdg 

where \p\, \q\, and \t\ count the boxes in the corresponding (sub-)diagram and dp and dq give the dimensions of the 
representations of Gl(m) and Gl(n) corresponding to Young diagrams p and q, e.g., 

dp ^ ^^-'^"^ . (19) 
n(m-z)! 

1=1 
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We can now replace the sum over all non-degenerate, covariant representations t that remains from Eq. ([8]) after 
integration over U by two sums over the sub-diagrams p and q. An explicit way to write these sum is, e.g., 

E (20) 

fcl>fc2>..>fcm>0 

for the sum over p and 

E (21) 

for the sum over q, where 

ki = m + n + qi^rn - i (22) 

for m < i < m + n and qi-m is the number of boxes in the (i — m)-th row of the Young diagram q. 

This concludes the extension of the character expansion method to the case of supergroups. We now apply these 



considerations to the calculation of our supersymmetric integrals in Sees. |IV A| and |IV B 



IV. CALCULATION OF THE INTEGRALS 

The supersymmetric extensions of the Leutwyler-Smilga and Berezin-Karpelevich integrals are calculated in 
Sees. |IV A| and |IVB| respectively. 

A. Supersymmetric Leutwyler-Smilga integral 

For convenience, we repeat the definition of the supersymmetric Leutwyler-Smilga integral given in Sec. |TT] 

Xls = J dfi{U) exp(/3Str(AC/ + BU-^)) . Q 



The notation is as in Sec. H] We now apply the character expansion method laid out in Sec. Ill Let us expand the 



integrand in terms of supercharacters and use the orthogonality of representation matrix elements, 
Ils = J dn{U)exp{(3StiiAU))exp{(3StiiBU-^)) 

■ 

= E(f[,/5'*')'"*^*(^^)' (23) 

where the sums are over all covariant representations t, t' and r*([/) is the representation matrix of U corresponding 
to the Young diagram t. As already pointed out in Sec. |III| we can restrict the sum over the covariant representations 
t to the non-degenerate ones, for which at ^ 0. The sum over all non-degenerate representations can be expressed by 
two sums over all sub-diagrams p and q corresponding to the ordinary groups Gl(m) and Gl(ri), respectively. Inserting 
the norm given in Eq. (18) and the supercharacter given in Eq. (14 1 yields 



I /m+n ^ \ 

IhS = Cm Cn 2. I rTO-{™ X {p} II — \ 

^ i\p\ + \q\ + mn)\ ^^^^ ^ f \ k,\ J 



E(A2; m, n)xp{Xl, >^li)Xq{^m+i, • ■ • , A^+„) , (24) 



where , . . . , X^+n the eigenvalues of the supermatrix AB and 

\p\\d,\q\\d, — 



-CmCJH^) . (25) 
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FIG. 2: Young diagram for a representation t with a hook of length 7. 



Note that we have set /3 = 1, as we can reinstate it later by a redefinition of A and B. The term 

<yt 1 



\t\\ {\p\ + \q\+mn)\ 
can be decomposed in terms of the sub-diagrams p and q using the hook length formula 



CT{™ X {p} (26) 



\t\\ ^.^h, 
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where the product is over all boxes in the diagram t. This formula can be found in standard textbooks. The hook 
length hij of the j-th box in the «-th line of the diagram is defined as the number of boxes to the right of this box 
plus the number of boxes below this box plus one, cf. Fig. [2] The decomposed at reads 



at cTp an 



nn 



\t\\ b|! \^_}:^J:m + n+l+Pi-i + - j 



Cp aq I -n TT 1 



Putting the pieces together we obtain 



X E(A2; m, n)xp(A?, . . . , A^)xg(A2^+i, . . . , X^^+J . (29) 



Using Weyl's character formula, given in Eq. ( |16| , we write the sums over p and q as sums over fci , . . . , k^+n ■ We 
then apply Theorem |C.1| and are left with 

E(A^; TO, n) 



^(•^11 • ■ • 7 •^m)^(^m+lJ • • ■ I ^m+n) 

A(fci, . . . , fcm)A(fcm+i, . . . , fcm+„) / TT TT 1 \ ,2fci ^2fc™+„ /„„s 



We now use a power series identity which is conjectured in App. |D] It states that the two power series Jq and JT^ 
of N complex variables zi, . . . , z^r, defined by 



7 = A(fci,...,fc^) k[ k'„ , . 

^ (fci!)2...(fc^!)2 ^1 ^^^^ 
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and 

N 



rr ^ A(fcl, . ■ . , fc^)A(fc^+l, ■ . . , fcAf) I -|-r -|-r Z» - Zj 1 J.^ fc^ 

^ (fci!)2...(fcjv!)2 fc, + fc, + l I 1 ' ^ 

fei,...,fejv=0 ^ ' y " I \i=lj=m+l J 



are identical for all m with \ < m < N . Unfortunately, we do not have an analytical proof for this identity for 
arbitrary TV. Explicit proofs are given for N — 2 and = 3 in Apps. |D] and |E] In App. |D] we present compelling 
numerical and partial analytical evidence in favor of the conjecture for arbitrary N , which leaves very little doubt that 
the conjecture is correct. Appendix |D] also discusses a connection of the identity to Richardson-Littlewood coefficients. 



Inserting the conjectured identity j7o ~ Jm in Eq. (29 1, we obtain 



Y —rr \ \^ A(fci, . . . , fcni-|-„) 2fci »2/c„+„ /„„s 

^-LS — L-m , 2 \2\\(\2 \2 \ ( h \\2 ..(I, I^2 ^1 ' " '^m+n ■ I'^Jj 



Applying Theorems C.l and C.3 then yields 

1 



A(A^, . . . , A2JA(A^^;^, . . . , A^+„) 



X y detf— ^ det(Af^) . (34) 

— ' V fc, ! K, — m — rt + I ! / . . , , V / i,j = l,...,m+n 



Using Theorem C.2 and the power series expansion of the Bessel function 



find 



°o Vlk 

= y , (35) 

det(A™+"-V,_™_„(2A,)). . ^ ^ 

^l^H • • ■ I ^mj^lA^^;^, . . . , A„^„j 

^ det(A-+-W„_.(2A,))^^^.^^^^^^^^„ 

A(A?,...,A^JA(A^^„...,A^+„) ' ^^'^ 
where we used — /_y in the last line. Finally, we reinstate /? by rescaling the A^ and obtain 

^(„+„)_(„_„)2 det (A7+"-'W,,(2/3Aj-))^^^.^^^^^^^^^^ 
™ A(A?,...,A^)A(A^^,„...,A^+J • 

To the best of our knowledge this result has not been derived before. 

B. Extended Supersymmetric Berezin-Karpelevich Integral 

We now calculate the extension of the Berezin-Karpelevich integral over U,V £ U(m|n) defined in Sec. |lT] 

Xbk = J dfi{U) J d^i{V) exp{P StiiU AV B + U-^CV-^D)) , 
where again the notation is as in Sec. [ll] We expand the integrand in terms of supercharacters and obtain 

^BK - E ^pjj/^'*'^'*'' / MU) J df,{V) ^tiUAVB)^AU-'CV-'D) , (37) 

where the sum is over all covariant representations of Gl{m\n). We now insert the definition of the supercharacter as 
the supertrace of the corresponding representation matrix and malce use of the orthogonality of representation matrix 
elements. After a careful handling of signs due to supermatrix element commutation, we obtain 

^BK = E (^P^'^)\t{BCMAD) . (38) 
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We again replace the sum over all covariant representations t by two sums over all representations p and q of the 
ordinary groups Gl(m) and Gl(n), respectively, as the terms we omit in doing so are terms with at = 0, which do not 
contribute to the result. Inserting Eqs. (18 1 and (14), we obtain 



-\-mn 



\q\\\p\\ dpd. 



E 



I-' " Q / ^ 2 ^ 2 \ / 2 



^2('l^in2^p('^l' ■ ■ ■ ' ^m)Xp(Ml7 • • ■ I Mm) 



rf^(l9|!)^ 



rXgC-^m+l ' • ■ • I '^m+n)Xg(Mm+l J ■ ■ ■ ' ^^m+n) 



(39) 



where , . . . , A^^„ are the eigenvalues of the matrix BC and /xf , . . . , /i^j+„ are the eigenvalues of the matrix AD, 
respectively. According to Eq. (21) of Ref. |27], we find that the terms in brackets are nothing but ordinary Berezin- 
Karpelevich integrals over groups U(m) and U(n), for which the result is given in Ref. We thus obtain 



with the Berezinian 



{m+n)-(m-nf det {Io{2/3X,flj))^^^^^^ dct (/o(2/3Am+,;Mm+j-)),,j^i,...^„ 

_B(A^; m, n)B(fj?; m, n) 



r,l\2 \ ^(-^1: ■ • • : •^m)^('^m+l7 • • ■ I ^m+n) 

B{\ ;m,n) = ^ 



This extends the result obtained in Ref. |13j using the diffusion equation method by introducing two additional 
independent supcrmatrix parameters. 



V. SUMMARY AND OUTLOOK 



We have extended the character expansion method to supergroup integrals and calculated a supersymmetric 
Leutwyler-Smilga integral that, to the best of our knowledge, has not been known before. In the course of the 
calculation of this integral, we used a conjecture which, unfortunately, lacks a complete proof. However, in App. [Pjwe 
presented strong arguments that this conjecture is correct. We also calculated a supersymmetric Berezin-Karpelevich 
integral extending the result obtained in Ref. [13j . 

The character expansion method developed in this paper should allow for the calculation of other supergroup 
integrals that might not be calculable using other methods such as the diffusion equation method [T3]. In the case of 
the ordinary Leutwyler-Smilga integral, a determinant term can be included in the integrand as well |14ll27llin] . The 
inclusion of a superdeterminant term is also of interest in the supersymmetric version of the integral. Work in this 
direction is in progress. 
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APPENDIX A: EXTENSION TO NON-DIAGONALIZABLE SUPERMATRICES 

The integral formulas presented in Sec. |TT] can be extended to non-diagonalizable supermatrices by a limiting 
procedure. In this section we demonstrate the problem of non-diagonalizable supermatrices in the case of 1 + 1 
dimensions. The results can be generalized in a straightforward way to higher dimensions. 
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Let M be an arbitrary (1 + l)-dimensional supermatrix, 

M = (; ^) , (Ai) 

where a, b are even elements of the algebra and a, (3 are odd elements of the algebra. If (a — 6)^^ exists, i.e., a and b 
are not equal up to nilpotent terms, M can be diagonalized. 



M = IV/Mz^Fm , (A2) 



where 



_a§_ 



Vm - t"'^' . ^ , (A3) 

\ a-6 + 2(a-6)2 / 



'1 _ 



a-6 ^ 2(a-f))2 ^ 

'a+^, ^ 

t 



The entries of Mo are the (geometric) eigenvalues of M. 

We would like to briefly comment on the algebraic definition of eigenvalues as solutions of the characteristic equations 
Sdet(M — to) = and Sdet(M — to)~^ = 0. In the present case the algebraic definition has four solutions, 

mi = a H , (Ab) 

a — 

TO2 = &+^^, (A7) 

a — b 

TO3 = & ^ , A8 

a — 

af3 , , 

TO4 = a . (A9) 

a — 

Only two of these coincide with the geometric eigenvalues. Therefore a consistent definition of eigenvalues is only 
possible if a supermatrix is diagonalizable. We assume the geometric definition of eigenvalues in this paper. In 
general a supermatrix cannot be diagonalized if one of the eigenvalues of its boson-boson block coincides with one 
of the eigenvalues of its fermion-fermion block up to nilpotent terms. This problem looks severe at first sight, but 
although the limit 6 ^ a of the eigenvalues does not exist, the supersymmetric integrals have well-defined limits. 

Let us consider the case of 6 = a -I- e with e — > 0. The case of 6 — > a -I- where h is nilpotent, can be obtained in 
the same way by keeping higher orders in e and substituting h for e in the end. 

In the case of the supersymmetric Leutwyler-Smilga integral given in Eq. ^ with AB = M, we find 

/o(Ai)/i(A2)A2 - /o(A2)/i(Ai)Ai ^ -^h{^)f . (AlO) 

Za 

The supersymmetric Berezin-Karpelevich integral given in Eq. ^ with BC = M also has a well-defined limit for 
b a with 

af3 

(A? - A2)/o(AlAil)^(A2A^2) (lo{\^f^2)Ii{VafJ.i)f^i + Io{Vo'f^i)h{\^fJ-2)f^2) ■ (All) 

As mentioned above, this limiting procedure can be generalized to higher dimensions. 



APPENDIX B: THE LIMIT OF COINCIDING EIGENVALUES 

The results given in Eqs. Q and ([S]) require a limiting procedure if two eigenvalues within the first m or within 
the last n eigenvalues coincide. We calculate these limits explicitly in this section. 
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We first consider the result of the supersymmetric Leutwyler-Smilga integral, 

. , , ,(-.-o,(---)- det(Ar"-W.(2/3A,))^^^^^^...,^^^ 

™ A(A?,...,A^)A(A^+„...,Ai^J • ^ 

If one of the bosonic eigenvalues (Ai, . . . , Am) coincides with one of the fermionic eigenvalues (Am+i, ■ • • , -^m+n), the 
integral vanishes. The case of two coinciding eigenvalues within bosonic or fermionic eigenvalues is slightly more 
involved. Let us assume, without loss of generality, that the two coinciding eigenvalues are Ai and A2. We analyze 
the limit A2 — Ai = e — > 0. Up to linear order in e, we find 

A^+"-7m+„-,(2/3A2) = (Ai + e)"+"-Vm+„_,(2/3(Ai + e)) 

= Ar+"-''/m+„-,(2/3Ai) + 2/3£Ar+"-'/™+„_,_i(2/3Ai) (Bl) 

and 

m 

A(A?, ...,Xl) = -2eX,A{Xl . . . , A^) l[{Xl X^) . (B2) 

1=3 

Therefore the result for A2 = Ai is obtained by replacing the second column of the matrix in the numerator by 

/3Ar+"-^-i/,„+„_,_i(2/3Ai) (B3) 
and the first Vandermonde determinant in the denominator by 

m 

-A{Xl...,Xl)l[{Xl-X^). (B4) 

i=3 

The supersymmetric Berezin-Karpelevich integral 



, . ,.,2 ^(^+n)-im-nf det (/o(2/3A,A^,))^_^.^,^ det (/o(2/3Am+,/im+j-)),^,-^i,...,„ ^ 
^^ = ^"''"^ B{X^;m,n)B{f^^;m,n) ^ 



also vanishes if one of the bosonic eigenvalues (Ai, . . . , Am resp. /ii, . . . , /Ltm) coincides with one of the corresponding 
fermionic eigenvalues (Am+i, ■ ■ • , Am+n resp. /im+i, ■ • • For the case of two coinciding eigenvalues within 

bosonic or fermionic eigenvalues, we again consider A2 = Ai + e with e — > 0. Up to linear order in e, 

h{2l3X2Hj) = /o(2/3AiMj) + 2/3Aije/i(2/3AiMj) • (B5) 

For A2 = Ai the result is therefore obtained by replacing the second row of the first matrix in the numerator by 

/3/i,Ar'/-i(2/3AiAi,) (B6) 



and the first Vandermonde determinant in the first Berezinian in the denominator by Eq. (B4) 



This procedure can be repeated in the case of multiple coinciding eigenvalues in a straightforward way. 

APPENDIX C: ALGEBRAIC THEOREMS 

In the following theorems, pi, . . . ,pn is a permutation of 1, . . . , and cr^pj is the sign of the permutation (positive 
if an even number of neighbors were exchanged, negative otherwise). 

Theorem C.l. If Ak^^...,kN ^cr{p}Akp-,,....kp^, then 
00 

Ak„...,kA'---^'k" - E ^fe,.....fc«det(a^). (CI) 

^ — ' ^ — ' \ / i,'} — l,...,N 
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Proof. 



CX3 OO 

fci,...,fciv— {p} ki,....kN—0 



-^{p}^k^ fc^ 



^ oo 



fci,...,fciv=0 {p} 



=dct a.^ 

V / i,j = l,...,JV 

Now the summand is invariant under permutation of the ki, so instead of averaging over all permutations, we can 
pick one specific order. Noting that the summand vanishes for a pair of equal k, the proof is complete. □ 

The following theorem was taken from Ref. |8j. 

Theorem C.2. Let the power series 



= (C3) 



k=0 



converge for \z\ < p. Then, 



fcl>fc2>--->feN>0 

for \z,\ < p, i ^ 1, . . . ,N. 
Proof. 

det (/»(^i)),.j=i,...,jv = E • • • /piv(^w) 

{p} 



{p} fcl,...,fcN=0 

= E (E^M<---<|-i^---4"- (C5) 

fci,...,fcjv=0 \{p} / 

s ^ 

=dct( a' ) 

We can now apply Theorem |C.1| and the proof is complete. □ 
Theorem C.3. Let the integers ki, . . . , fcjv > and ni, . . . , > be related through 

kj =nj+N -j . (C6) 

Then, 

1 \ A(fci,...,fcAr) 

ueu I 7 

VK + 

where 



A(fci,...,A;A,)= TT (fc,-fc,) = det(A;f-^) . (C8) 

\ / i,i — l,...,N 



l<j:<j<Af 

A'^ofe i/iai terms with factorials of negative integers in the denominator have to be understood as equal to zero. 
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Proof. By rearranging the columns of the matrices in question it is straightforward to see that the statement is 
equivalent to 

det ( T^-^^^—rri) = det (kf-^) . (C9) 

Let us define two matrices A and C with elements 

r (CIO) 
(fc,-z+l)! • 

Because of the structure of Cij it is always possible to find a triangular matrix B with diagonal entries 1, . . . , 1 that 
satisfies 

C = BA. (CU) 

We thus obtain 

det(C) = det(B) det(A) = det(A) , (C12) 
=1 

which completes the proof. □ 



APPENDIX D: CONJECTURE OF A POWER SERIES IDENTITY 



1. Statement of the conjecture and discussion 
Conjecture D.l. Let two power series J'q and Jm of N complex variables zi, . . . , z^r be defined by 

7 ^(fe'n ■ ■ ■ ^ fejv) k[ k'„ HTTl 

'-'0- 2^ (h'\\2...(y \\2^i tlL' 



and 



N 



^ _ A(fci, . ■ . , km)^{km+l,- ■■,kN) / -r-r T-r - I ki fcjv ^ 



where 



A(ai, . . . ,aAr) = Y\ (ai-aj) (Dl) 

i<i<j<N 

is the Vandermonde determinant. Then, 

Jo = Jm /or a// 1 < TO < iV . (D2) 
In the case of = 2 and m = 1, the proof is straightforward, 

K1-K2 k2 ^ ^1 ~ ^2 fci fc2 

- 2^ (k,\nk,\rk^ + k, + i'' "2 • (u^) 

Unfortunately, we have been unable to find an analytical proof for arbitrary N and m. Partial analytical arguments 
are presented in App. |D 2[ and a proof for = 3 is given in App. [E] but the most compelling evidence in favor of the 
conjecture is due to numerical checks. Using complex random numbers for the Zi, we have checked the conjecture up 
to = 25 for all values of m with 1 < m < N. We employed the GNU multi-precision package [411 and found the 
conjecture to be satisfied to a precision of 2048 bits. In the absence of a complete analytical proof, this leads us to 
believe very strongly that the conjecture is indeed correct. 

A connection of Conjecture |D . 1 1 to Richardson-Littlewood coefficients is discussed in App. |D 3[ 
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2. Proof for a subset of coefficients in tlie case of arbitrary N and m 

In this section we give a proof of the conjecture for a subset of coefficients in the power series. We note that Jo 
is antisymmetric under the exchange of two of the z^. Therefore, it is divisible by the Vandermonde determinant 
A(zi, . . . , zjv), which can be written as 

m N 

A(zi,...,2Ar) = A(zi,...,z„)A(z,„+i,...,ZAr) J]^ (z^-Zj). (D4) 

i—1 J— m+1 

Hence jTo is also divisible by YYiLi njLm+i(^« ~ ^j)- ansatz 

(m N \ oo 

Y[ Y[ (z,-z,) Ck,,...,k^z'[' ■■■z%" =J^ (D5) 

i—lj—m+l j ki,...,kj'^—0 

yields 

Cfei,...,fc„ = A(A:i, . . . , k„r)A{k„r+i, . . . , A:Ar)sfci,...,fe„ (D6) 

with Ski....,kN symmetric under the exchange of two of the ki in the subsets {fci, . . . , km} or {km+i, • ■ • , k]^} in order 
to satisfy the symmetry requirements of j7o under exchange of the Zi . 
In the following, we determine 3^^....^^:^^ in the special limit 

< Zi < Z2 < ■ • ■ < Zm-l < Zm+l < ^^+2 < • • • < ZjV-1 < 1 (D7) 

and Zm and zjv of the order of 1. In this limit the exchange term simplifies to 

m N N 

Y[ l[ (z,-z,)^(-l)(™-i)(^-™)(z™-z^)z5 Y[ zf- (D8) 

i—lj—ra+l j—m+1 

with 



k% = N-m-\ 

fc° EE TO - 1 . 



(D9) 



The dominating terms in the power series in Eqs. (31 1 and (D5l correspond to 

ki = i — \ for i < m , 



kj — j — m ~ I for m < j < N , 
k[ — i — 1 for i < m , 

k'j =j-2 for TO < j < iV (DIO) 

with arbitrary k^ ^kj^^k'^^k'^^. We therefore find 

oo 

\ / N-1 \ 

After inserting the fixed values of ki, k\, kj, and kj for i < m and m < j < N, we obtain that j7o = Jm is equivalent 
to 



,,^^,^okUKkL-ik?n + k%))\k'^\{k'j,-{k'^ + k%))l ™ ^ 



- {ZN Z„,) 2^ _ W - k° V ^™ 
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with 



So ^ 1! • • • (e + fc^ - 1)! 1! . . . (e - 1)! 1! . . . {k% 1)! 



where we used the fact that 



A(l + c,2 + c, ...,7V + c 



)=(n^!) (-1) 



with an arbitrary constant c. Note that 



few (/cat - a) - kjn{km - a) 



kmKkm - a)!A:Ar!(fcjv - a)! (fcjv + fc^ - a) k„r\{k„i - a)!A:7v!(fcjv - a)! 



Hence the left-hand side of Eq. (|D13| can be written as 

k'j^{k'ff — {k^ + fc^^)) — k'^ik'^ — (fcm + k'^)) 



5^ Ci-' 



E 



(zAT - Zk) 

(fc^ + fc^ — {k^ + fc^) + 1) fcj„!(fc^ — (fcOj + k%))\k'j^\{k'^ — (fcOj + fcj^))! 



Comparing coefficients of powers of z,„ and zjv in Eq. (D13) now yields 

1 



^0,l,...,k^^^-l,krnfl,l,...,k°-l,kr. 



(fc„!)2(&iv!)2(fc™ + fcAT + 



For the specific choice of ki, . . . , k^ stated in Eq. (DIO I the desired general result, 

m N 



^/ci,...,fcj\ 



1 



n n 



1 



(fcl!)2...(fcAr!)2li h + k,+l' 

^ ^ ^ ^ 2—1 7— m+1 



(D14) 



(D15) 



(D16) 



(D17) 



(D18) 



(D19) 



is equivalent to Eq. (D13l. This means that for an infinite subset of coefficients, defined by Eq. (DIO I, the identity 
holds. 



3. Conjecture |D.T] and Richardson-Littlewood coefficients 

In this section we discuss a relation for Richardson-Littlewood coefficients that can be obtained from Conjecture |D.1[ 
Because of the antisymmetry of Jo and under the exchange of two of the Zi, we conclude that both sides are 
divisible by A(zi, . . . , zat). Therefore we define 



det 



(^^) ■ . 



M^i^---^^n) ,^>,,^>,„>o A{z,,...,zn) 



A{zi,...,zn) ^ A(zi,...,0„J A(zm+i, . . . ,Ziv) 



det ( ) det I z„;+. 



fe° 



fc">fe2>->fc^>0 

^m-\- 1 ^rn,-|-2 ^ " * ^iV — ^ 



where we used Theorem |C.1| n = N — m and defined 



_ A(fci,...,fcAf) 



^ A(fc?,...,fc;^)A(fct...,fc:;) 
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With k°- = Pi + m — i, k\ = qi + n~ i, and ki = ri + N — i we can relate the ki to Young diagrams p, q, and r. Note 
that 



.N 



Srizi, ...,Zn) 



A(zi, . . .,zn) 

is the Schur function corresponding to partition r [42 . Hence j7o = J^m resp. J7q' = can be written as 



P.9 



(D24) 



(D25) 



We now make use of the fact that Schur functions form a basis of the ring of symmetric functions, i.e., the Schur 
functions on the left-hand side can be expanded in Schur functions occurring on the right-hand side. The expansion 
coefficients are called Richardson-Littlewood coefficients c^^ [42], 



Sr{zi, . . . , Zn) = C^^,5p(zi, . . . , Zjn)S„{Zm+l, ■ ■ ■ , Zn) 

C r, 



where the sum is over all Young diagrams /i and v with 



Mi ''i for * 



As Schur functions are linearly independent, we can compare coefficients in Eq. (D25l and find 

^ ^ frCpq — Qpq , 
r'Dp 



(D26) 



(D27) 



(D28) 



where the sum is over all Young diagrams r with > Pi for all i and \r\ = \p\ + \q\. Thus Conjecture D.l implies the 
relation given in Eq. (D28) for Richardson-Littlewood coefficients. 



APPENDIX E: THE SUPERSYMMETRIC LEUTWYLER-SMILGA INTEGRAL FOR U(l|l) AND U(2|l) 



In this section we calculate the supersymmetric Leutwyler-Smilga integral, defined in Eq. ([T]), over U(l|l) and 
U(2|l) by explicit parametrization of the supergroup. This calculation is not only a non-trivial check of our general 
result, but also serves as a proof of the power series identity which is conjectured in App. [D]for N — 2 and iV = 3. 

The Leutwyler-Smilga integral with (3—1/2 reads 



dA.(;7)e^Str(A[/+i3C/t) 



(El) 



where the integral is over U(m|n). To prove Conjecture D.l it suffices to take A and B to be arbitrary diagonal 
supermatrices with entries oi , . . . , am+n and 6i , . . . , bm+n ■ 

We adopt the following convention for complex conjugation of anticommuting numbers. 



(X1X2) 
iXi) 



X2X1 
Xi , 



(E2) 
(E3) 



and parametrize an element U of the unitary supergroup U(m|7T,) as 

/ ••• iaii 



U^m 
Un 



exp 



iain \ 







za„i • • ■ 



(E4) 



/ 
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where Um and [/„ are ordinary unitary mxm and nxn matrices and an, . . . , amn are anticommuting variables. This 
generalizes the parametrization introduced in Refs. |43l 144] for U(l|l). It is also very similar to the parametrization 
of the super-Riemannian manifold G1(to|1) used in Ref. |15] . 

The invariant integration measure corresponding to this parametrization for the cases of m = n = 1 and m = 2, 
n = 1 is of the form 

dn{U) = d^{Um) d^{U„i) daiidali ■ ■ ■ damnda*„,n Tm,n{aii, . . . , amn, an, ■ • • , a*„„) , (E5) 

where dfj,{U„i) and dfi(Un) are the invariant measures of the ordinary groups U(to) and U(n), and 7^i_„ is a function 
only of anticommuting variables. We find 

Ti,i(Q;n,an) = 1 , (E6) 
^2,i("ii:"2i,an,a2i) = 1 ^ ^ ("ii"ii + "2ia2i) • 
The supertrace can be written as 

Str{AU + BU^) ^ Str{UgAUo + BC/<[C/]) = Tr(i,„C/,„ + BmUl) - Tr(i„C/„ + B^Ul) , (E8) 

where Am and Bm are the boson-boson blocks of the supermatrices UgA and BU^, and An and Bn are the fermion- 
fermion blocks of the supermatrices UgA and BU^. The integral thus factorizes in the following way, 

2^ = y daiidali ■ ■ ■ dQ!m„c?a*j„7^,„(aii, . . . , «,„„, a^, • • ■ , "mn) 

We perform the ordinary Leutwyler-Smilga integrals over the groups U(m) and U(n) [27' and are left with 

X = y daiidali ■ ■ ■ da„i„da^„7^,„(Q!n, • ■ • , amn, a^, ■ ■ • , "mn) 

/det {XT-'Irn-.{X,)).^^^^,_\ (det {f^ri--M),,=,A 



(E9) 



A(Af,...,A^) M A(/.2,...,^2) 



(ElO) 



where A^, . . . , A^ are the eigenvalues of the matrix AmBm, Mn • • ■ , eigenvalues of the matrix A„i3„, and is 



the modified Bessel function of the first kind. Furthermore, A(An ■ • • , A^) = ni<i<i<m(Af ~ A|) is the Vandermonde 



determinant. 

In the case of U(l|l) this is equal to 



1= j dal^daM[aMl + anaii)]'/')/o([a2&2(l - a^^an)]'/') • (Ell) 
We expand the Bessel functions in order to obtain the linear term in a^j^an. 



fc=0 



Jo([ai6i(l + al,a,,)Y'^) = E (^p (^) + ' ^^^2) 



/o([a262(l - anaii)]'/') = £ (^) (1 " ^«n"ii) ■ (E13) 



1=0 



Thus, we can write 



^ 2 



o „ - V«^ a r-ir -^o(\/^)/o(Va^) (E14) 

2 V avaioi c'va202 / 



= 1 det f ^^ij^) ) . (E15) 

2 V^o(\/a2&2) V^hiVa^) ' ^ ' 

This is equivalent to the special case of our general result given in Eq. (H 
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Let us now turn to the case of U(2|l), which is shghtly more involved. In this case the calculation of the eigenvalues 
yields 

Ai aibi 1 - aiiQ!ii - — — rT"iiaiia2ia2i , [b,lb) 

\ 3(ai6i - 0262) / 

\2 if. * , 20161+0262 * * \ 

A2 = 0262 II - a2iQ!2i + 3(q^5^ „ Q;iiQ!iia2iQ;2i I > (^17) 

/ii = 0363 ^1 + aiial^ + a2ia*2i + ^aiiaiia2ia2i^ • (E18) 

The calculation of the determinants of Bessel functions of these eigenvalues is tedious but straightforward. Finally, 
we find that the term proportional to Q;iiaiiQ;2iQ!2i is indeed 



1 



ai6i - 0262 



/o(V ai 6i) /o( Va2^2) hWa^) 

det ( aibili{^/aibi) ^0262/1(^0262) \/a^Ii{\/a^) | . (E19) 
0161/2(^0161) 0262/2(^0262) 0363/2(^0363) 



This is again equivalent to the special case of our general result given in Eq. ^ . Note that this result also proves the 
power series identity conjectured in App. [D]for m = 2, n = 1. We do not present the calculation for m = 1, n = 2 
here since it is very similar to the case of m = 2, n = 1. The next step would be to perform this procedure for general 
U(m|n), which would then also yield a proof of the conjecture for arbitrary values of m and n. 
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